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1 Introduction 


The inverse problem of the calculus of variations consists in determining if the solutions of a given 
system of second order differential equations correspond with the solutions of the Euler-Lagrange 
equations for some regular Lagrangian. This problem in the general version remains unsolved. In [T] 
we contribute to it with a novel description in terms of Lagrangian submanifolds of a symplectic 
manifold, also valid to study the constrained inverse problem by using isotropic submanifolds instead 
of Lagrangian ones. Here we extend the use of Lagrangian submanifolds to geometrically characterize 
the inverse problem on regular Lie algebroids, giving a different approach from [T5j and extending 
the results for Lie algebras described in [5]. 

On Lie algebroids the role of the SODE (second order differential equation) is played by a SODE 
section [71|T7]. Locally, x* = r*(x,x) is replaced by x* = = T°‘{x,y), where 

are local coordinates on a Lie algebroid E. The inverse problem on Lie algebroids poses the same 
question as in the classical inverse problem [IIl[ia[2D]: When is the above system equivalent to the 
Euler-Lagrange equations for some regular Lagrangian? More precisely, when is it possible to find 
a nondegenerate matrix of multipliers ga 0 ix,y) such that 

has a regular solution L? 

This problem for a system of second order ordinary differential equations x* = r*(x,x) has an 
extensive literature. The question was first raised by Hirsch in 1898 m and the main contribution 
to the problem was made by Douglas in [8] for the 2-dimensional case giving an almost complete 
classification by studying a set of necessary and sufficient conditions in terms of the multipliers. 
A geometric interpretation of this set of necessary and sufficient conditions, so called Helmholtz 
conditions, was given in in terms of the Jacobi endomorphism, the dynamical covariant derivative 
and the vertical covariant derivative. Some particular cases in Douglas’ classification have been 
generalized to arbitrary dimension but no classification close to the one given by Douglas is known 
in any dimension higher than 2. 

Note that the inverse problem of the calculus of variations also refers to the problem of matching 
a system of second order differential equations with the Euler-Lagrange equations for a regular 
Lagrangian in such a way that the matrix of multipliers is equal to the identity matrix. This 
problem was posed earlier by Helmholtz in 1887 who provided a set of necessary and sufficient 
conditions [20] . 

In the nineties of the last century two important contributions show how Lie algebroids and 
Lie groupoids m are very useful to describe Lagrangian mechanics IHEI]- From then on, the 
benefits of Lie algebroids to describe Lagrangian and Hamiltonian mechanics have become very clear 
in the literature [3117] and references therein. For instance, using the Atiyah algebroid framework, 
Lagrange-Poincare and Hamilton-Poincare equations are obtained very naturally |12j . 

The paper is organized as follows. In section [2] we give the necessary background on the theory of 
Lie algebroids, including prolongations of Lie algebroids, the Tulczyjew isomorphism and symplectic 
Lie algebroids. In section [3] we discuss the lack of the Poincare lemma for the differential associated 
to general Lie algebroids and give a characterization of locally exact sections of the dual of a 
regular Lie algebroid. This is a key lemma in section 14.21 In section 14.11 we review the derivation 
of the Euler-Lagrange equations on a Lie algebroid in the way given in HZ). In section 14.21 we 
identify the insufficiency of the Helmholtz conditions as the lack of the Poincare lemma and give a 
characterization of the variationality of a SODE on a regular Lie algebroid using LemmajTSjin section 
[3j We also give a generalization to SODEs on regular Lie algebroids of Crampin’s characterization for 
SODEs on tangent bundles |1| weakening the notion of variationality and we include an example of a 
SODE on a Lie algebroid that is not variational but satisfies the Helmholtz conditions. In section [5] 
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we study how morphisms of Lie algebroids treat the variational condition for SODE sections. This 
generalizes with an intrinsic proof results in [5] about the inverse problem on a Lie group and the 
corresponding reduced inverse problem on the Lie algebra. An interesting application appears in 
section [6] where the inverse problem on Atiyah algebroids is considered. In appendix lAl we give the 
equivalence between the Helmholtz conditions derived in this paper and the Helmholtz conditions 
given in [5] for Lie algebras and in [18] for Lie algebroids. Note that in this last paper the insufficiency 
of the Helmholtz conditions is not discussed. 


2 Lie algebroids 


In this section we give the background on the theory of Lie algebroids that will be needed later 
on. This includes prolongations of Lie algebroids, the Tulczyjew isomorphism for Lie algebroids, 
symplectic Lie algebroids and Lagrangian submanifolds. For further details we refer the reader to 
Hills] and references therein. 

Definition 2.1. A Lie algehroid is a vector bundle r : E —)■ M together with a morphism p : E —?■ 
TM of vector bundles (called the anchor) and a Lie bracket in r(£'), the C°°{M)-module of sections 
of E, satisfying the Leibniz rule 

[X,fY] = p{X){f)Y + f[X,Y] forallX,Yer{E), andfeC°^{M). 


Note that this is in particular a generalization of tangent bundles and Lie algebras. 


Let (x*) denote local coordinates on M and {ei,... , e^} be a basis of local sections of E. With 
respect to this basis, the structure functions and of the Lie algebroid are functions on M 
defined by 


d 


p{ea) = Pa-^i and [e«,ep] = 


( 1 ) 


Since the anchor p is an algebra morphism, that is [p(eQ,), p(ep)] = p[eQ,,ep], and the Jacobi identity 
Z](a/3 7 )[^ 7 ! [^c^e/?]] = 0 holds, the structure functions must satisfy the structure equations 


P’a 


,• dP^B 


dx^ 


7^ 

^ dx^ 


= d 

Pt^ olB 


and 


E 


dC: 






I /~iU 


= 0 . 


A Lie algebroid structure in a vector bundle r : E —)• M is equivalent to an exterior differential 
d^ in the dual vector bundle r* : E* — M, that is, an operator d^ : T{A*E*) — 
satisfying 

d^ o d^ = 0, 

d^{a A(3)=d^aAl3 + A d^l3, 

where a,j3€ T{A*E*) and deg(a) denotes the degree of a. 

If a € r(A”E*), the exterior differential d^a is dehned from the bracket and the anchor map by 

n 

d^a{eo,...,en) = ^(-l)V(ei)a(eo,..., ..., e„) 

i=0 

+ ^(-l)*+^a([ei,ej],eo ,... ,ei,... ,ej ,... ,e„), 
i<j 

where cq ... ,en G r(ii'). On the other hand, given an exterior differential d®, the equations 
P{e){f) = {d^f,e) and {a, [ei,e 2 ]) = p(ei)(a,e 2 ) - p(e 2 )(a,ei) - d®a(ei,e 2 ). 
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where a € r(£'*), e, ei, 62 G ^{E) and / G C°°{M), define an anchor p and a Lie bracket of sections 
[•, •] for E. 

If {e"} denotes the dual basis to {ca} then for / G C°°{M) and 9 = 9ae°^ G r(£'*) the local 
expressions of the differentials are 

^ ^ 

The following definitions will be used in order to introduce Lagrangian submanifolds on Lie 
algebroids. 

Definition 2.2. A Lie algebroid morphism is a morphism of vector bundles F : E — E' over 
f : M ^ M' such that d^{{FJ)*(j)') = {FJ)*{d^'(P'), for all cp' G r(A''(^')*)- ^ Lie alge¬ 
broid epimorphism is a Lie algebroid morphism {F, f) sueh that f is a surjeetive submersion and 
E\ej: ■ Ex ® linear epimorphism for all x G M. 

Definition 2.3. A Lie subalgebroid is a morphism of Lie algebroids j : F —> E, i : N —M such 
that the pair {j, i) is a monomorphism of vector bundles and i is an injeetive immersion. 

2.1 Prolongations of Lie algebroids 

Now we will introduce the prolongation of a Lie algebroid over a smooth map / : M' —)■ M. This 
notion will allow a derivation of the Euler-Lagrange equations without using the Poisson bracket on 
the dual of the Lie algebroid. This is the analog of the Klein formalism for tangent bundles [13]; it 
was given by Martinez in m for Lie algebroids and will be recalled in the next section. 

In order to guarantee that the following construction is a vector bundle, a constant c is needed 
such that 

dim {p{Ef^x')) + {Tx'f){Tx'M')) = c for all x' G M'. (2) 

This condition implies that the dimension of the fibers must be constant. 

Definition 2.4 f [7].[T0]i. Let {E,[-,-],p) be a Lie algebroid over a manifold M with projeetion 
denoted by t, and f : M' —^ M a smooth map satisfying Then the prolongation of E over f 
is the Lie algebroid {C^E, [•, ,pf) over M' with total space 

dE = {{b,v') eEx TM' : p{h) = {Tf){v')] 

and projeetion E —)• M' given by T^{b,v') = The sections of E are of the form 

{E{Xi o f),X'), where X' G X{M’), Xi G T{E) and E G C°°{M'). Then the Lie bracket is defined 
by 

[{E{X, O f),X'), {E{Yj O /), r)]f = {EE{[X,,Yj] O f) + X'{E){Y^ o /) - Y'{E){Xi o /), [X', K']) 

where X',Y' G X(M'), Xi,Yi G T(E) and G C°°{M'). Note that the bracket in the seeond 

factor denotes the usual bracket of veetor fields. Finally the anehor is given by the projection onto 
the seeond factor: 

pf : C-fE —^ TM' 

{b,v') I—^ v'. 

In particular if we take / to be the projections r : E —)■ M and r* : E* —> M respectively then 
the prolongations C^E and C^*E play the roles of TTQ and TT*Q respectively, which are recovered 
when E = TQ. These are the prolongations that we will use in this paper, so we introduce now 
local coordinates. 
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Let {ca} denote a basis of local sections oi t : E —M and the corresponding coordi¬ 

nates on E. Having in mind the structure functions defined in ([1]), we consider the basis of local 
sections of C^E — E given by 


T„(a) = ea{T{a)),pl 


A. 


, Vaia) = 0 , 


d 


dy^ 


, Qj ^ E 


(3) 


following the notation in [?]• 

With respect to this basis the structure functions are given by 

\v^,%Y = Y 

and the local coordinates induced on C^E will be denoted by (x®, y", 2 ;", u“). 

Let {e“} be the dual basis to {ea} and (x®, ya) the corresponding coordinates on E* . We consider 
the basis of local sections of E —> E* 


r„(a*)= e„(r*(a*)),y® 


A 

9x® 


, V^{a*) = 0, 


d 


dvo 


, a* £E* 


with structure functions given by 

[fa,f0Y^ = [fa,VY = 0 , [V^,VY = 0 , 

The local coordinates induced on E —> E* will be denoted by {x^,ya, ,Va)- 

Remark 2.5. A map E : E —> E* over M induces a map CE : C^E —E defined by 

CE{b,Xa) := {b,TaE{Xa)). 

If locally -F(x®,y“) = (x®, Fq,(x, y)), then the local expression for CE is 

/:F(x',y“,2;“,u“)= (^x®,• 


2.2 Lagrangian submanifolds of symplectic Lie algebroids 

According to the philosophy in [1], we must define Lagrangian submanifolds of symplectic Lie 
algebroids, see [7] for more details. 

Definition 2.6. A symplectic section Cl on a Lie algebroid {E,[-,-],p) is a closed seetion of the 
vector bundle E* A E* —>■ M satisfying that '■ E^ f\ Ex —>■ M is non-degenerate, that is, each 
fiber is a symplectic vector space. A Lie algebroid with a sympleetie seetion will he called a sympleetie 
Lie algebroid. 

Example 2.7. The Lie algebroid T®" E has a canonical symplectic section defined as Qe = 
where Ag is the canonical section of E)* —>■ E* given by 

XE{a*){b,v) = a*{b) for all a* £ E* 

and is called the Liouville section. 
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Once a symplectic section has been defined, we can introduce Lagrangian submanifolds of the 
Lie algebroid. As mentioned before, we are interested in Lagrangian submanifolds to extend the 
geometric setting of the inverse problem in [T] to Lie algebroids. 

Definition 2.8. Let LI be a symplectic section on E. The Lie subalgebroid j : F —^ E, i : N — M 
is called Lagrangian if j{Fx) is a Lagrangian subspace of {Ei(^x)i^i{x)) for each x G N. 

The Tulczyjew isomorphism in classical mechanics can be extended to the Lie algebroid setting. 
In this context the canonical isomorphism is between p*{TE*) and (C^E)* 

C^*E = p*{TE*) —— -^ (C^E)* 



and is locally given by Ae{x'‘, pa, z°‘,Va) = (x*, z°‘, Va + C'^pU'yZ^,ya)- For an intrinsic definition and 
more details we refer the reader to [7]. 

Remark 2.9. The vector bundles E —)■ E* and p*{TE*) — E have the same total spaces 
but different projections. 

Now we will recall Proposition 7.8 in [7] which will be used in the sequel. Let denote the 
projection r : E —)• M restricted to a submanifold i : N ^ E, that is, = t o i. 

Proposition 2.10. Given a section X of the pull-back vector bundle p*(TE*) —> E define = 
Ae o X, which is a section of {C^E)* — E, and put N = X{E). Then the Lie subalgebroid 
{Id,Ti) : E) —>■ {C^* E), i : N — y C^*E is Lagrangian if and only if d^^^a^ = 0, 

where {U* E) is the prolongation of E over the map : N —y E*. 

Remark 2.11. According to Definition 8.1 in [7], N = X{E) is a Lagrangian submanifold of E. 


3 Closed sections versus exact sections 


On Lie algebroids the Poincare lemma does not hold in general for the differential d^, that is, the 
closedness of a section does not guarantee its local exactness. 

Example 3.1. Consider the Example 3.3.6 in |15] . that is, the Lie algebroid with total space 
E = TM, base space M = M, Lie bracket defined by 


' d d 


= t 


dr] d^ 
dt^ dt"^ 


fL 

dt 


for functions ^,r] :M —>■ M, where t denotes the coordinate on M, and anchor given by 


P ■ 



TM. 



Thus, the structure functions are p\ = t and = 0. Note that this algebroid is not regular since 

p{Eq) = 0 while rank(p(£'i)) = 1 for f 7 ^ 0, where Et denotes the fiber of E over t in M. 

We want to detect a section of T*M —)• M which is closed but not locally exact. Note first that, 
by dimension, d™6 = 0 for all 9 = a{t)dt G r(T*M). Since d™/ = ^tdt for / : M — y M, it suffices 
to take a{t) equal to a nonzero constant c so that the equation a{t) = t^ is not satisfied around 0 . 


We will give a characterization of the local exactness of a section of the dual of a regular Lie 
algebroid. For that we use some suitable coordinates given by the local splitting theorem in [9]. If 
E is regular, that is, p has constant rank g, then the theorem reduces to the following one: 
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Theorem 3.2 ([9]). Let {E,[-,-],p) be a regular Lie algebroid over M and let xq G M. There 
exist coordinates (x*), i = 1,... ,m = dim(M) in a neighborhood U of xq and a basis of sections 
{ei,... ,en} of T~^{U) — >U such that 

p{es) = 0, s = q + l,...,n. 


Moreover = 0 for all a < q. 

The characterization reads as follows: 

Lemma 3.3. Let {E, [•,•], p) be a regular Lie algebroid over M. A section 9 of t* : E* — > M is 
locally exact if and only if it is closed and it satisfies 0{Z) = 0 for all Z G T{Ker{p)). 

Proof. Let denote a local basis of r* : E* — M and write 6 = 6 ^{x)e'^. If 

6 = d^ f locally, then d^O = 0. The second condition also holds since 9.y = ^pf and then for each 
X = X'>'e.y G r(Ker(p)) we have 

=0 


<^= To prove the converse result take the coordinates (x®) on M and the basis {ei,...,en} of 
sections of E —>■ M given in the splitting Theorem l3.21 so that {cg+i,..., e„} is a basis of r(Ker(p)). 
Let |e^,..., e”! denote the dual basis. If 9 annihilates the sections r(Ker(p)), then it is written as 
9 = 0.y(x®)e'^ for 7 = 1,, q. 

Locally, the condition d^9 = 0 reads 

f)f) riO o 

^ ° for all/3,7 = l,...n, i = 1... m. 


Using that = 0 for /? > q, p'^^^ = <5^ for /? < g and = 0 for a < g in the chosen coordinates 
and also that 0 .^ = 0 for 7 > (7 the above condition reduces to 


d9.y 

dxh 


dx'y 


= 0, 


/3,7 = 1 , ■ ■ ■ , 9 , 


which is precisely the integrability condition that provides locally a function /(x) such that 9y = 

7 = l...g. ■ 


Next we give an example of a regular Lie algebroid for which the Poincare lemma is not satisfied: 
Example 3.4. Consider the Lie algebra E = se(2) with generators 


ei 


0 0 1 \ 

0 0 0 I , 62 

0 0 0 / 


0 

0 

0 \ 

/ 0 

-1 

0 \ 

0 

0 

1 

, 63 = 1 

0 

0 

0 

0 

0 / 

\ 0 

0 

0 / 


Lie bracket given by 


[ 61 , 62 ] = 0 , [ 61 , 63 ] = -62 and [ 62 , 63 ] = 61 


and anchor p = 0. Let { 6 ^, 6 ^, 6 ^} denote the dual basis. Note that d^(6^)=0, since = 0. Note 
also that Ker(p) = {ci, 62 , 63 } and 6 ^( 63 ) = 1^0, that is, the second condition in Lemmais not 
satisfied and therefore is not locally exact. 
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4 The inverse problem of the calculus of variations on Lie alge- 
broids 

We first need to introduce briefly Lagrangian mechanics on Lie algebroids so that the geometric 
framework of the inverse problem on Lie algebroids can be described. 


4.1 Lagrangian mechanics on Lie algebroids 

We give a derivation of the Euler-Lagrange equations for a Lagrangian on a Lie algebroid following 
m- These equations were previously derived in [2T] using the Poisson structure in the dual bundle. 

The vertical endomorphism and the Liouville vector field on tangent bundles can be generalized 
to Lie algebroids. Note that these are the two ingredients needed to define the concept of a SODE 
section. Eirst we give the definitions of the vertical and complete lifts of a section of E —M to a 
section of C^E —^ E. 

Definition 4.1. Let X € r(E). 


• The vertical lift of X is the section X"" € V{C'^E) defined by X'^{a) = (0, X(T(a))^), a G E, 
where for each pair a,b £ E, 6^ acts on a function F € C°°{E) as 


KiF) 


A 

dt 


F {a + tb). 
t=o 


• The complete lift of X is the unique section X‘^ G r(£'^E) that projects over X and satisfies 

p'^{X^)e = for all 9 G T{E*), 

where 9 : E —> M is the linear function defined by the pairing 9{e) = (0(r*(e)),e) and 
:= ix ° o ix is the Lie derivative. 

Definition 4.2. Given a Lie algebroid E — M, 


• the vertical endomorphism S is the unique section of UE ® E —^ E satisfying 


S{X^) = 0, S{X^) = X^ for all X G r(E), 


• the Euler section A is the section of C^E —)■ E defined by 

A(a) = (0,0^) for all a £ E. 

Definition 4.3. A section T of E —E is a second order differential equation (SODE) if it 
satisfies 5(r) = A. We will use the expressions SODE section and SODE field to distinguish T from 

p"(r). 


With respect to the basis {fa, Va} defined in (l3|), the local expression of a SODE section is 

r = y“f« + r“i4. 

As p^iffa) = Pa-^ and p^{Va) = the local expression for the SODE field is 

so the integral curves of /9^(r) are the solutions to x* = and = W{x,y). 
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If we also have a Lagrangian function L : E — > M on the Lie algebroid, then we can dehne the 
Poincare-Cartan 1-form 6 l and 2-form and the energy function as follows: 

Ol = S{d^L), OJL = El = P^{A){L) - L. 

If L is regular, then is a symplectic section and the Hamiltonian equation 

ir^L = d^Ei 

has a unique solution P^,. The integral curves of P^ are the integral curves of p'^{Tl), which are 
those locally satisfying the Euler-Lagrange equations for a Lie algebroid: 


dt 


= PaV", 


d f dL \ _ ^ dL ^ p dL 
dt \dy°‘) 

where (x*) are the coordinates on M and (x*,?/“) the coordinates on E. 

Note that for the special cases {E = TQ, [•, ■],p = Id) and (g, [•, ■],p = 0) we recover the Euler- 
Lagrange equations and the Euler-Poincare equations respectively. 


4.2 The inverse problem 

In this section we recover the Helmholtz conditions for a SODE on a Lie algebroid and give a 
characterization of the inverse problem for regular Lie algebroids. 

Let P be a SODE on E, locally written as P = y°‘Ta + r“V^. The inverse problem poses the 
following question: When is it possible to find a nondegenerate matrix of multipliers ga 0 {x,y) such 
that 

! -a ra\ _ d ( dL\ ^ dL ^ ^ dL 
dMv dt\dy^) Qy^ ( ) 

has a regular solution L? If it is possible then T is called variational. 

Given a SODE T on E and a local diffeomorphism E : E —^ E*, we define a section of 
(E^E)* ^ E by 0r,F := Ae o CE o T: 

C^E £^*E —^ (C^E)* 



In local coordinates the diagram is the following: 

(xS r“) ^ (x^ E„, ^p^^yP + ^ {x\ + gf P/^ + E„) 

©r,F 



{x\E^) 


Let It”^, denote the dual basis of {Ey, t^}. Then locally we can write 0r,F = 9aT‘^ + EaV'^ 
where 

HP „ rirr „ 

(5) 
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The differential of 0r,F is 




f'> A F + |hl/0 „f-, + A V-’ + A V-A 


Imposing = 0 we obtain the Helmholtz conditions 


dFi3 dF^ 


86^ 


dFf 


dyi dy^ ’ dy^ dx 


i ^7’ 


^P/3 - - 9^«W/9- 


(9x* 


( 6 ) 


As mentioned earlier, these conditions are not enough to guarantee the existence of a Lagrangian 
function on E, since the Poincare lemma does not hold for an arbitrary Lie algebroid. We need to 
ask for the additional condition 


er,F{Z) = 0 for all Z G r(Ker(p^)). 


Let {e/} denote a local basis of r(Ker(/9)). Then |^/| is a local basis of r(Ker(/9'^)) and the 
condition on r(Ker(/o'^)) is 


^ ^ ^ <^7/3^7/ = 0> / = 1,..., d = dim(Ker(p)) < n. 


(7) 


Using the local basis {ej,ea} adapted to Ker(p), the anchor map has the local expression p\ = 0. 
Then Helmholtz conditions in Q become 


dFp dF^ 


dy'r dyP ’ 
dOg dFp 
dyP dx^ ^ 


861 
8 yP 


= 0 , 


J _ a rici _ _ f) F*" = n 

Q^iPb Q^iPa, Q^iPa f^aCgj 0 , 


9aCJj = 0. 


( 8 ) 

(9) 


From the second equation in ([8|) we deduce that 6 i{x,y) = di{x). Then the additional condition 
in (I7|) will be satisfied if 6 j{x) = 0. 

Theorem 4.4. A SODE section T on a regular Lie algebroid E is variational if and only if there 
is a local diffeomorphism F : E —^ E* such that d^^^QT,F = 0 and Qt,f{Z) = 0 for all Z G 
r(A:er(p^)). 


Proof. If there is a local diffeomorphism F such that d^^^Qr,F = 0 and 0r,F(^) = 0 for 
all Z G T{Ker{p'^)) then by Lemma 13.31 we have 0r,F = d^^^^L for a locally defined function 
L : E —M. In local coordinates we get 


Es = 


8L 

8yP 


and 


8yP 


r^ + 


8x^ 


Pp 


y^Fc.c^B = ^p 


8x'^ 


7' 


Therefore - Pp§^ + = §^(2/'^ “ 9 p'y = ^ are the multipliers for the 

problem and L is regular since {gpj) is non-degenerate. 

If T is variational then there is a regular Lagrangian L such that equation ([H) is satisfied 

^2 r 

with g^p = QyaQy$ ■ Taking E to be the Legendre transformation, which is a local diffeomorphism, 
it is straightforward to check that equations ([6]) are satisfied using = ^pf and the structure 
equation pL-^ — for the last set. If Z G T{Ker{p'^)), Z = z^Ta, then we also get 


0r,F(^) 




8‘^L 
\8yP8y'^ 


r^ + / 


8‘^L 

8x'^8y'^ 


p^p + y 


p 

-o. 


8y^ 


iP 


8 L j 

Q^iPl^ -0- 
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Example 4.5. Note that for the Lie algebroid {E = TQ, [•, •], p = Id), where [•, •] is the Lie bracket 
of vector fields, we recover the equations 


dFp _ dF^ dT{F^) _ dF/s dr{F^) _ dr{Ffs) 

dy'y dyP ’ dyl dx^ ’ dx^ dx'^ 

given in [T] and the condition involving Ker(/9’’) is void. 

Example 4.6. For a Lie algebra (g, [•, ■], p = 0) we get the Helmholtz conditions [5] 


dFp dF^ 


d[^T- + CM 


dy 


7r 


dy'y dyl^ 


dyP 


= 0 , 


dy-^ 


T^ + Cl,,Fry 


C^-y = 0. 


In this case the condition on r(Ker(/?'^)) is +C^^Fry'^ = 0, which makes the last two conditions 

always true. Note that the symmetry gives a function L such that F^ = and then the remaining 
conditions are just the Euler-Poincare equations for L. 

We will use the following term in order to avoid confusion: 


Definition 4.7. A SODE T on E will be called weak variational if there is a local diffeomorphism 
F : E —y E* such that d^^^&r,F = 0. 


Hence, a SODE F on E is variational if it is weak variational and 0r,F(-^) = 0 for all Z € 
F(Ker(p'^)). This definition, for the case of a Lie algebra, is equivalent to satisfying the reduced 
Helmholtz conditions given in [5]. 

Due to the lack of a Poincare lemma we give a generalization of the Theorem by Crampin in [3] 
for weak variational SODEs substituting the closedness condition by local exactness of a section of 
the bundle (C^E)* A {C^E)* — E, which plays the role of the Cartan 2-section generalizing the 
Poincare-Cartan 2-form. 

Theorem 4.8. A SODE F on a regular Lie algebroid E is weak variational if and only if there is 
a nondegenerate section Q of {C^E)* A {E^E)* —>■ E such that 


• CrLl = 0, 

• H = d^^^Q for some locally defined section 0 of {C^E)* —y E , 

• H(Vq,, Vp) = 0 for all a, (3. 

Proof. ^ If F is weak variational then there is a local diffeomorphism F : E —)■ E* over M such 
that d^"^^Qr,F = 0. Then dehne D = d^^^{F*\ e) which clearly satisfies the second condition and 
Ll{Va,Vp) = 0. Note that CtF*\e = 0r,F and hence it also satisfies CrU = d^^^Qr,F=0. Finally 

the non-degeneracy of implies the non-degeneracy of H. 

<;= If we write 0 = -|- FqV'^ then the condition d^^^Q{Va,Vp) = = 0 gives a 

locally defined function / : E — y M such that Ua = and then d^^^f{Va) = Q{Va) = Fa- Dehne 
0 = 0 — d^^^f, which satishes 0(14) = 0 and d^^^Q = Q. We seek to have 0 = F*Xe for some 
local diffeomorphism F, so we dehne F : E — y E* by {F{vx),Wx) = (0(ua;),H4), where x € M, 
VxiWx G E and H4 & OAE is such that EiWx) = Wx- This dehnition does not depend on the 
choice of Wx since 0 vanishes on vertical sections. Locally if we write 0 = AaT°‘ + BaV^, then 
0 = (^§^Pa ~ —■ FaT°‘ and the non-degeneracy of follows from the non-degeneracy 

of H. Finally d^^^Qr,F = d^^^^C yF*\e = = TpH = 0, that is, F is weak variational. ■ 
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In [5] some variational examples are found by requiring only that the Helmholtz conditions are 
satisfied, but this is not generally the case. As we have seen, in order to guarantee the existence of 
a Lagrangian for a SODE on a Lie algebroid we need to ask for an extra condition. Next we give 
an example of a SODE on a Lie algebra which is weak variational but not variational. 

Example 4.9. Let denote the coordinates for g = se(2) corresponding to the basis given 

in Example 13.41 and define the following SODE: 

r : se(2) —^ /:^se(2) ^ 2g 

^ = 1) 

Consider the local diffeomorphism from se(2) to 5e(2)* given by Fi = y^,F 2 = y'^jF^ = y^ and 
compute 6 i = 02 = 0 and 03 = 1 to get 0r,F = T^+F^V^^. Then = 0 

since = 0, that is, the Helmholtz conditions are satisfied, so L is weak variational, BUT since 
0 r,F(e 3 ) = 1 7 ^ 0, T is not variational. 

The corresponding left-invariant SODE on TG is given by 

X = 0, y = 0, 0 = 1, 

where {x,y, 6 ) are coordinates on SE{2). According to [5l Theorem 3] this SODE is variational, 
that is, we can find a Lagrangian on TG, but not an invariant one. It is actually straightforward to 
obtain the Lagrangian L = 1 + 0^^ + 0- 

Remark 4.10. It is also possible to give an example of a SODE on a Lie algebra g which is not 
variational on g and also not weak variational but variational on TG. See Example 8.3 Case 2C in 

0 . 

5 Morphisms and the variational problem 

The geometric description of the inverse problem on Lie algebroids given in the previous section 
leads to a generalization of some results in [S], where the relationship between the inverse problem 
on the tangent bundle to a Lie group and the corresponding reduced inverse problem on the Lie 
algebra is studied. By means of morphisms of Lie algebroids the same relationship can be studied 
for the inverse problem on Lie algebroids. Moreover, the proof of the following result is intrinsic, in 
contrast to the proof for the Lie group case in [5]. 

Theorem 5.1. Let ^ : E ^ E' be a morphism of Lie algebroids, and consider its prolongation 
TT : C^E E'. Let T and T' be SODE sections on E and E' respectively such that 

TT o T = T' o T . 

IfT' is weak variational (variational) then T is weak variational (variational). 

Proof. Since TT is a morphism of Lie algebroids we have that {C'^)*d^^ ^ = d^^^. From 
Theorem 14.81 there exists an exact section 0' G E')*) such that = d^^ satisfies Cr'kl' = 

0 and the restriction of H' to vertical sections vanishes, that is, Ll'{U',V') = 0, where U',V' are 
vertical sections {S{U') = S{V') = 0). 

As T is a morphism of Lie algebroids, we have that 0 = (TT)*0' also satisfies the conditions of 
Theorem 14.81 In fact, for every Z G C'^E 

{CrQ,z) = p^T)i{ic^re',z))-{e',c^{[r,zY)) 

= p-\r'){{e',c^{z))) - {Q',[T',c^{z)Y') 

= {{C^r{Cre'),Z). 
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Therefore, ^r© = (-C'I')*(vCr'0O also 


Cr^ = {C^YiCr'^') = 0 . 


Moreover, for all Zi,Z 2 G C^E 

n{s{Zi),s{Z2)) 


{C'^rn\s{Zi),s{Z2)) 

n'{£^{s{Zi)),c^{s{Z2))) 

n'is'{c-i>iZi)),s'{£^{Z2))) 

0 


using that TT o S = S' o £'ii (see i). This proves that if T' is weak variational then T is also weak 
variational. Obviously if 0' is exact, then 0 is also exact. Therefore, if T' is variational then T is 
also variational. ■ 


Now we write the converse to the previous result for the case of a fiberwise surjective morphism 
satisfying an extra assumption. 

Theorem 5.2. Let ^ : E ^ E' be a fiberwise surjective morphism of Lie algebroids. Let T and 
r' be SODE sections on E and E' respectively such that T'k oT = r'o'I'. LfT is weak variational 
(variational) and it admits a solution 0 of Theorem \4.^ such that 0 = (/1T)*0' for some 0' G 
r((/l'^ E')*), then T' is weak variational (variational). 

Proof. The proof follows the same lines that Theorem 15.11 using that T is a hberwise surjective 
morphism. ■ 

Remark 5.3. See Example 14.91 for a case in which there is no section 0' satisfying the property 

0 = (£T)*0'. 


6 The inverse problem for Atiyah algebroids 

The theory developed in section [5] has a very interesting application when Atiyah algebroids are 
considered. We first review the main notions of Atiyah algebroids, see [7] and references therein for 
more details, and then we geometrically characterize the inverse problem on Atiyah algebroids. As 
shown in [7] the Euler-Lagrange equations of a G-invariant Lagrangian can be reduced to Lagrange- 
Poincare equations by using the morphism of Lie algebroids between TQ and TQ/G (see [2]). Thus 
the results in section 0 can be applied to establish some relationship between the inverse problem 
and its reduced version. 

6.1 Atiyah algebroid associated to a principal bundle 

Let vr : Q —>• Q/G = M be a principal G-bundle and $ : G x Q —>■ Q, ^g{q) = ^{g,Q), the 
corresponding G-action. Denote by : G x TQ TQ the tangent lift of $, that is, = T$g 
for all g G G. Now consider the quotient vector bundle tq/q : TQ/G ^ M whose space of sections 
T{TQ/G) is identified with the G-invariant vector helds on Q. 

Let 0 be the Lie algebra of G and take the action of G on Q x g given by 

G X (Q X g) — ^ Q X Q 

(s', (9,0) '—^ (^9(9),Adg(0), 
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where Ad: G x g ^ g is the adjoint representation of G on g. The quotient vector bundle g = 
(Q X g)/G is called the adjoint bundle associated with the principal bundle vr: Q — > M. If is the 
infinitesimal generator of the action associated with £ g, that is, 


^QiQ) = 


t=o 


^(exp(t^),q), 


then we have the following monomorphism of vector bundles: 

J : 




TQ/G 

Mq)]- 


Moreover, we have the following exact sequence called the Atiyah sequence m- 

0 ^ g ^ TQ/G TM 0. 


Assume that we have a principal connection A on Q, that is, A : TQ —>■ g satisfying A{^Q{q)) = ^ 
and A is equivariant with respect to the actions (fP" \ G x TQ ^ TQ and Ad : G x g ^ g. Every 
principal connection A induces the following vector bundle isomorphism over the identity: 

TQ/G r(Q/G)©g 

[X,] ^ r,7r(X,)©[(g,A(X,))], 

where Xq G TqQ. Therefore we have an identihcation T{TQ/G) = X{M) © r(g), where r(g) is 
identified with the set of vector helds on Q which are tt- vertical and G- invariant. Let B : TQ (B 
TQ —>■ g be the curvature of the connection A in the principal bundle vr. The Lie bracket I-, •] on 
r(TQ/G) ^ r(TM © g) ^ X(M) © r(g) is defined as follows 

IX = [X,y] © ([I, v] + [x\fj] - [y^|] - b{x\y^)), 

for X,Y G X{M) and i,fj G r(g), where X^,Y^ G X{Q) are the horizontal lift of X, Y, respectively, 
via the principal connection A. The anchor map p : T{TQ/G) = X{M) © r(g) —> X{M) is given by 

p(x©o = x. 


Now we will give a local description. Let U x G be a local trivialization of the principal bundle 
vr : Q —)■ M where U is an open subset of M with local coordinates (x*). Then we consider the trivial 
principal bundle tt : U x G ^ U, where the action of G on [/ x G is given by left multiplication 
on the second factor, that is, ^g{m,h) = {m,gh), where m G U and g,h G G. For a basis {^q} 
of g, 1 < a < n, we denote by {4a} the corresponding left-invariant vector helds on G. Then the 
principal connection is specihed by coefficients A“(x) satisfying 


A 




-4“(x)4a, 1 < i < m. 


where x G U and e is the identity element of G. The horizontal lift of a coordinate vector held 


A 


on U is the vector held 
helds on U X G 



on U X G given by 



A 


— A“(x)4a- Thus, the vector 


~ — ( 10 ) 

are left G-invariant and dehne a local basis {e(, e^} of r(TQ/G) = X{M) © r(g). We will denote by 
the corresponding hbered coordinates on TQ/G. 
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The curvature of the principal connection is given by 


B 


(— 

5 

\5x* 

(3;,e)’ 5x1 




for i,j G m} and x € U. If Cafe are the structure constants of g with respect to the basis 

{^a}, then 




dA'r dA<] 


-cl,A1A]. 


dx^ 

Then for the previous local basis {e', of T{TQ/G) we deduce that 


H,e'] 


= -B'^e 


ell = |el, 


= ^(e'a) = 0> 

for z, j G {1,..., m} and a, 6 G {1,, n}. Thns, the local structure functions of the Atiyah algebroid 
tq/g ■ TQjG —)■ A/ = Q/G with respect to the local coordinates (x*) and to the local basis 
oiT{TQ/G) are 


nk _ /^j _ — t^i _ n _ R“ G'C _ _ric — „c Ab r^c _ 

^ia ^ai ^ab ^ia ^ai ^ab’^i’’ ^ab 

Pi = Pi= Pa = Pi = 0 - 


'-'ab^ 


( 11 ) 


6.2 The inverse problem for Atiyah algebroids 


In the case of an Atiyah algebroid the section 0r,F = 6 *q,T“ + + daT°- + FiV^ + FaV°' 

of E)* —> E defined at the beginning of section has the following local components: 


Oi 


9 


a 




(9x1 

5x1 


+ 




dyF 

, ^ dja^, ^ dFa^, 


dyl 


dy^ 


B^^Fay^ + cl,A\F,y\ 
■cl,A\F,y^ + cl,F,y\ 


In this case the Helmholtz conditions, given by _p = 0, are 


dFp 5Fy 

dyi dyP ’ 

dOj _ dFp dOb _ 

dyP 5yl ’ dyP 

5x1 “ 1* ’ 5x* 


^aCbd-^f 5 ^cCab — 0 , 


compared with ([8]) and Q. Prom the last two eqnations we conclude that dObjdx'' = 0. Thus 9b is 
a constant function. 

The extra condition for exactness of 0r,F is given by 

Da = ^y‘ + = o, 

since Ker/? = spanje'^j}. Thus 0r,F is exact if 9a{x,y) = 9a = 0- Recall that in the general Lie 
algebroid case from section 0] the condition of exactness was 9a{x,y) = 9a{x) = 0. 
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Remark 6.1. Note that among the set of Helmholtz conditions (HC), the equations 

0 = 0’ and e,cl, = 0 

are implied by the extra condition 6a = 0- Then a set of necessary and sufficient conditions for 
variationality is 

dFi3 _ _ dF^ ^ o - n 

dy'y dyP ’ dy^ dy^ ’ dx^ dx^ ’ “ ’ 

in contrast to Example 14.51 where HC are necessary and sufficient and Example 14.61 where most HC 
are implied by the extra condition on the kernel. In this example the kernel of p is not trivial and 
neither the whole domain so we get less overlap between the two sets of conditions. 

Remark 6.2. If we are given a SODE on TQ and a SODE on TQ/G related as in Theorem 15.II then 
it is enough to solve the Helmholtz conditions on the Atiyah algebroid in order to get a Lagrangian 
on TQ since on tangent bundles the notions of variational and weak variational coincide. 


7 Conclusions and future developments 

The contributions of this paper include a characterization of the inverse problem of the calculus of 
variations on regular Lie algebroids using Lagrangian submanifolds. One of the advantages of our 
approach is the easy adaptability to different cases. In particular, in future work we will study the 
following extensions: 

• The inverse problem for nonholonomic systems on Lie algebroids using isotropic submanifolds, 
similarly to the description on the tangent bundle given in [T]. 

• We will carefully study the relationship between our techniques and hamiltonization of non¬ 
holonomic systems on Lie algebroids. This is useful to study invariance properties of the 
nonholonomic flow (preservation of a volume form, symmetries...). 

• Another interesting possibility is to extend our technique, always using Lagrangian and isotropic 
submanifolds, now for Lie groupoids G m- This case will be useful to study the inverse prob¬ 
lem for discrete systems, that is, when a second-order difference equation can be derived as the 
flow associated to the discrete Euler-Lagrange equations for a discrete Lagrangian : G —M 
(see [IS])- 

A Relation to other approaches 

In section we recover the Helmholtz conditions given in [18] as the vanishing of on a 

certain basis of sections of C^E — E. 

In the previous section we worked in the basis |rQ,,HQ| of local sections of C^E, constructed 

from a basis {e^} of local sections of E. Another common basis of sections of E is {e^, e^}, the 
set of complete and vertical lifts of {ca}- The relationship between both is 

fa = e'^ + Glpy% and = e}^. 

As in the tangent bundle case, a SODE on a Lie algebroid dehnes a connection (see (Ej). Then 
the horizontal lift of a section X G r(E) can be dehned from its complete and vertical lift and the 
SODE as 

x^ = l(A^-[r,x^]), 
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and we get another basis {H^ := 6^,6^} of sections of C^E. The relationship with the above is 
given by 


/?. = e? = t. + - C";,/) %=f„ + Ajg. 

Note that if T is variational we have CyF*\e = 0r,F for some local diffeomorphism F and hence 
Crd^"^^F*XE = d^^^Qr,F- Then the equations 

Crd‘^^^F*XE{Hrj, Hp) = 0, CTd‘^^^F*XE{Hr,, Vp) = 0 and Crd‘^^^F*XEiVrj, Vp) = 0, 


together with 

Cvd^^^F*XE{Hr,,Vp) - Crd^^^F*XE{Hp,Vr,) = 0 
yield the Helmholtz conditions given in [18] , 

In order to check this we hrst compute [T, V^] and [T, in terms of the basis {Ha, Va}'- 


(9r“ (9r“ 

p. r,l = -% - = A%) - —V^ = -H, + ^ I Clf, 


dy^ 


dy^ 


i (tV - I 


[r,H,] = [r,r,] + [r,A^H^] = [r,f,] + p(r)(A;5)H, + A;5[r,H^] 

’ ^^"-Va + y’^CUH, - K'iv,)\ + (yyi,^ + 1 K 


dx^ 


+A^I-H, + -lC^py- 


"qa. 


‘7 ""7 

5r 






1 


+1 y"Pa 


dKl 


dx^ 


^ + r" 


^ + A'^A'^ - A'^— 

Qya ^ Qy,, 


dx^ 

= ( y^cj^ - 

dT'y 


dy' 
dT'y 


2V «9y° 




-p^.— + y''c-o^K]v, 


dx 


We introduce the notation 


o^=H/ci - 


2V dy^ 


and := 


a i 


+ V^^ + A';^AZ-Af^^ 


dy^ 


dy’' 


ST-^ 

' dx'- 


+ y^c'ZM 


so that [T, Vr,] = -Hrj + and [T, 

We will also need the expression of d^^^F*XE in terms of {0“ := H" — A^T^,T"}, the dual 
basis of {Ha, Va}- 

d^^^F*XE = (^piH^)iFa) - If^c^o^ a r“ + A r“ = a r“ +a r“ 
where A^a = p{H^){Fa) - ^FyCl^a- 

Now we introduce the notation Te '■= d^^^F*X e and write the Helmholtz conditions in local 
coordinates as follows: 


CvTF{Hr,,Hp) 


T{TF{Hr,,Hp)) -TF{[T,HrZ^,Hp) -TF{Hr„[T,Hp\) 

r(H^/3) — r(A^^) — 


A,f,D^ - Ag,D-> + 


8F 

A n'^ - A n'^ - — 

Fi-n^Up -^-'yqX’p g 




= 0 


( 12 ) 
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CvTFiHr^^Vfi) 


= T{TF{Hr,,Vp)) - T^([r, H^iVp) -Tf{h^, [r, Vp]) 

-A^p + Apr, - 


r,_^ 

' dy0 


+ 


dy0 ^ 


dyr 


= 0 


(13) 


CrTF{%,%) = -Tf{[T,%],Vp)-Tf{%AT,Vp\) 


dF„ , dFs 


= TF{Hr„Vp)+TF{Vr„Hp) = -j^ + 


dy^ dy"^ 


= 0 


Now we compute 


CvTFiHr^Vp) - CvTF{Hp,Vr,) = r - 


dFr, 


+ 


5K 


Dl - 


-r - 


dy^ J dy^ ^ 

dFp 
dy^ 


. . dF„ ^ 

~-^ril3 + Apr, - tt—D 


dyF 




~^l3r) + ^nB ~ 


dF, 


vP 


dyF 


D2 


and use (fH|) to obtain 


Ar,p — Apr,. 

Substituting (fTS|) into m and (fTHI) these equations become 

and 


r(SVSzi2-2^112 = 0, 


(14) 


(15) 


^cl>7 = ^$7 _ ^ ,_^_^ 

dy^ ^ 9j/7 \dyP J dy^ ^ dy'^ ^ 

which are the equations given in [18] . This can be checked directly by making the substitution 

,dr^ 


A, 


V QyU 


= 2K';^Kl + K-C2,yF 


rj^urt 


Beware that the notation in |18j is = —Aj,. 

Note that the Helmholtz conditions for invariant Lagrangians on the tangent bundle of a Lie 
group G given in [5] are also recovered. Indeed, by dropping the terms where derivatives with respect 
to x* appear and substituting A)) = — C^py^ we get 

« . Ir^AAL _ -1 Af AI _ 


-7? 


dy'^dy'^ 


4 dy'B dy'' 


dy'^ 
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